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Abstract 
Advanced high strength steels, such as dual-phase steel (DP steel), provide advantages for engineering applications compared to 
conventional high strength steel. The main constituents of DP steel on the microscopic level are martensitic inclusions 
embedded in a ferritic matrix. A way to include these heterogeneities on the microscale into the modeling of the material is the 
FE²- method. Herein, in every integration point of a macroscopic finite element problem a microscopic boundary value problem 
is attached, which consists of a representative volume element (RVE) often defined as a segment of a real microstructure. From 
this representation, high computational costs arise due to the complexity of the discretization which can be circumvented by the 
use of a Statistically Similar RVE (SSRVE), which is governed by similar statistical features as the real target microstructure 
but shows a lower complexity. For the construction of such SSRVEs, an optimization problem is constructed which consists of 
a least-square functional taking into account the differences of statistical measures evaluated for the real microstructure and the 
SSRVE. This functional is minimized to identify the SSRVE for which the similarity in a statistical sense is optimal. The choice 
of the statistical measures considered in the least-square functional however play an important role. We focus on the 
construction of SSRVEs based on the volume fraction, lineal-path function and spectral density and check the performance in 
virtual tests. Here the response of the individual SSRVEs is compared with the real target microstructure. Further higher order 
measures, some specific Minkowski functionals, are investigated regarding their applicability and efficiency in the optimization 
process.  
© 2014 The Authors.Published by Elsevier Ltd. 
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1. Introduction 
The usage of advanced high strength steels in applications becomes more and more important in many field of 
engineering due to their improved material properties. As a result of the interaction of microstructural constituents, 
martensitic inclusions embedded in a ferritic matrix, higher strength combined with good formability is observed. 
This offers the possibility for lighter constructions and thus lower energy consumption in e.g. automotive 
applications. In order to incorporate the microstructural mechanical fields directly into a modeling approach, direct 
micro-macro approaches can be applied (FE2-method), see e.g. Miehe et al. (1999) and Schröder (2014). This two-
scale approach attaches a microscopic finite element (FE) problem, represented by a Representative Volume 
Element (RVE), to every integration point of the macroscopic FE problem. The RVE is typically given by a 
suitable segment of a real microstructure, which involves complex morphologies due to the underlying 
microstructure topology of the material and thereby leads to expensive computations. The efficiency of the method 
can be improved by using Statistically Similar RVEs (SSRVEs), cf. Schröder et al. (2011), which are characterized 
by a lower complexity of the morphology, but which are still similar to real microstructures in terms of statistical 
measures describing the microstructure morphology. These SSRVEs are constructed by the minimization of a least-
square functional taking into account suitable differences of statistical measures for the real microstructure and the 
SSRVE. Here, the statistical measures used play a crucial role. Hybrid approaches utilizing multiple statistical 
measures have shown to give better results compared to approaches with only one type of statistical measures, cf. 
Yeong et al. (1998) and Balzani et al. (2010). Higher order statistical measures are advantageous to capture 
important properties of the microstructure, such as connectivity or long range properties. Studies with SSRVEs 
constructed based on the phase fraction, spectral density and lineal-path function turned out to be able to represent 
the mechanical response of the real microstructure accurately, however the computation of the lineal-path function, 
which represents the probability that a line segment of a certain length and orientation is completely located in one 
phase of the material, lacks computational efficiency. To improve the performance of the optimization procedure, 
other statistical measures are taken into account. The focus of this work lies on the Minkowski functionals, which 
are scalar, vectorial or tensorial measures capturing information using surface integrals over each microstructural 
inclusion. Here, one tensorial Minkowski functional ଶܹ
଴ǡଵ is used to capture information on surface orientation and 
anisotropy. SSRVEs based on the spectral density, lineal-path functional and phase fraction are compared to ones 
which are constructed based on the Minkowski tensor ଶܹ
଴ǡଵ, spectral density and phase fraction.  
 
2. Construction method for SSRVEs 
We assume that a real microstructure, which may not necessarily be periodic, can be represented by a periodic 
microstructure, see Fig. 1. Hence, only the periodic unitcell has to be considered in calculations presuming the 
application of periodic boundary conditions. This periodic unitcell is regarded as the SSRVE. 
 
 
 
 
 

Fig. 1. Schematic illustration of the basic concept, red indicating the matrix phase, green indicating the inclusion phase: (a) usual RVE with 
arbitrary inclusion morphology and (b) periodic microstructure with SSRVE as unitcell. The picture of the left hand side is based on the 
reconstruction of an EBSD-FIB characterization provided by Prof. Dirk Raabe from Max-Planck Institut für Eisenforschung, Düsseldorf, 
Germany. 
(a) (b) 
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A method for the construction in 2D is proposed in Schröder et al. (2011) and has been extended to 3D in 
Balzani et al. (2013). In this method a least-square functional, taking into account suitable statistical measures 
computed for the real microstructure and the SSRVE, is minimized. An adequate parameterization for the SSRVE 
ࢽ is obtained by   
ࢽכ ൌ ሾܮሺࢽሻሿܮሺࢽሻ ׷ൌ σ ߱௜௡௦௠௜ୀଵ ሺ ௜ܲ௥௘௔௟ െ ௜ܲௌௌோ௏ாሺࢽሻሻ;ǡ           (1) 
with ௜ܲ௥௘௔௟ and ௜ܲௌௌோ௏ா representing an appropriate statistical measure ݅ of the real microstructure and the SSRVE, 
respectively, and ߱௜denoting appropriate weighting factors. The total number of statistical measures is described 
by ݊ݏ݉ and the vector ࢽ gives a parameterization of the inclusion morphology of the SSRVE while ࢽכ represents 
the real microstructure. 
2.1. Statistical measures 
An overview on statistical measures describing the morphology of a single phase in a multiphase material can 
be found in Ohser&Mücklich (2000). In the wide field of statistical descriptors, general information is enclosed in 
basic, scalar-valued parameters. The volume fraction is defined as ௏ܲ ൌ  ூܸ ܸΤ  with VI and V denoting the volume 
of inclusion phase I and of the total microstructure. Higher order statistical measures were found to be important 
for the construction of SSRVEs in Balzani et al. (2010).  These include the spectral density, computed based on the 
discrete Fourier transformation of a microstructure by 
ௌܲ஽൫݊௫ǡ ݊௬ǡ ݊௭൯ ؔ
ଵ
ଶగேೣே೤ே೥
ȁܨȁଶܨ൫݊௫ǡ ݊௬ǡ ݊௭൯ ؔ σ 
ேೣ
௞ೣ
σ ே೤௞೤ σ 
ே೥
௞೥  ቆʹߨ ൬
௡ೣ௞ೣ
ேೣ
൅ ௡ೣ௞ೣ
ே೤
൅ ௡೥௞೥
ே೥
൰ቇ߯ǡ  (2) 
where nx, ny and nz are the coordinates in the frequency domain, Nx, Ny and Nz are the number of voxels in the 
binary data set which represents the microstructure and kx, ky and kz  describe the position in the binary set. The 
indicator function ߯ takes values of one for points lying in the inclusion phase and zero otherwise. The spectral 
density captures information on periodicity in the microstructure which is especially important when constructing a 
simplified periodic microstructure. It is also strongly correlated to the two-point probability function. A statistical 
measure taking into account the probability of a line segment of distinct orientation and length being located 
completely in the inclusion phase of the microstructure is the lineal-path functional. It is calculated using an 
indicator function ߣ equals one if the analyzed line segment is completely included in the inclusion phase and zero 
otherwise. The lineal-path function is then defined by 
 ௅ܲ௉ሺ݌ǡ ݍǡ ݋ሻ ؔ
ଵ
ேೣே೤ே೥
σ σ ே೤௞ୀଵ σ ߣሺ݌ ൅݉ǡ ݍ ൅ ݇ǡ ݋ ൅ ݈ሻǤ
ே೥
௟ୀଵ
ேೣ
௠ୀଵ                        (3) 
Here, the start and end point of the line segment are indicated by the coordinates (p,q,o) and (m,k,l), respectively. 
The size of the three-dimensional binary set is given by Nx, Ny and Nz. The computation of lineal-path functions is 
computationally rather expensive, therefore we only consider 1000 selected orientations of line segments 
distributed over the possible space of all orientations. Thereby, a significant reduction of computation time can be 
achieved. Another set of statistical descriptors can be defined based on Minkowski functionals, for details on the 
definition see e.g. Schröder-Turk et al. (2011). These functionals are given as integrals of curvatures of smooth 
surfaces of a compact domain Dr with the boundary Dr. In d-dimensional space, there exist d+1 scalar Minkowski 
functionals, which are the volume W0(Dr), the area of bounding surface W1(Dr), the integral of mean curvature 
over the bounding surface W2(Dr) and the topological Euler-Poincaré index W3(Dr). These Minkowski 
functionals can be extended to tensorial measures using tensor products of the position vector r and normal vectors 
n of the boundary Dr. It is evident that such Minkowski functionals defined in terms of position vectors need a 
reference point to which the vector is related, which thus causes a dependence of the Minkowski functional on the 
reference point. Tensorial Minkowski functionals based on the tensor product of the normal vectors n ٔ n do not 
include this dependence. The associated Minkowski functionals differ by scalar prefactors and here we focus on 
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ܹ ؔ  ଵܹ
଴ǡଶሺܦ௥ሻ ൌ ଵ
ଷ
׬ 

డ஽ೝ ࢔ٔ ࢔ǡ                    (4) 
with dA being an infinitesimal surface element on Dr, cf. Schröder-Turk et al (2011). In contrast to the spectral 
density or lineal-path function, the Minkowski functional is computed for a compact domain and thus, in most 
cases, not for a complete microstructure, which typically contains multiple compact inclusions. The Minkowski 
tensor can be understood as a descriptor for orientation distributions. Using the eigenvalues μ of the tensor, a scalar 
indicator for the anisotropy with respect to surface orientation can be defined as 
ߚ ׷ൌ  ఓ
ఓ
 א  ሾͲǡͳሿǡ                     (5) 
with μmin and μmax as the eigenvalues with minimal and maximal absolute value. A value of ȕ equal to one is 
produced from an isotropic body and deviations from this value describe the degree of anisotropy, cf. Schröder-
Turk et al. (2011). Based on the decomposition of W into eigenvalues μ and respective eigenvectors v, another 
measure can be defined based on the orientation of the eigenvectors in space, here being described in spherical 
coordinates v(ș,ĳ). For ellipsoidal bodies, these eigenvectors are found to describe the orientation of the axis of the 
ellipsoid. Starting from this, we want to use the anisotropy measure ȕ and the eigenvectors v(ș,ĳ) as statistical 
descriptors of the inclusion phase in the microstructure. Since we obtain these measures for each inclusion 
separately, we compute histograms over all inclusions in the microstructure and divide by the number of inclusions 
nincl to get a discrete probability distribution. In detail we consider a number of nȕ categories ܿ௜ഁ, iȕ = 1...n
ȕ for ȕ 
and define the probability PMA(iȕ) of finding an inclusion with ߚ א ܿ௜ഁ  
ெܲ஺൫݅ఉ൯ ׷ൌ 
ଵ
௡೔೙೎೗
σ ௡೔೙೎೗௠ୀଵ ߦ൫݅ఉ൯ǡߦ ൌ ൜
ͳߚ א ܿ௜ഁ
Ͳǡ
               (6) 
as a measure for the anisotropy of the set of inclusions. For the eigenvectors, a classification into different 
histograms k is performed. We distinguish between four different cases, relating to the eigenvalue composition of 
the tensor: For three different eigenvalues we have three significant directions, associated to the three eigenvectors. 
If two or three eigenvalues are equal, no distinct direction can be identified associated to these eigenvalues.  
Therefore, case (k=1,2,3) captures the existence of three distinct eigenvalues and the associated directions of 
eigenvectors in three separate histograms. For two equal eigenvalues the direction of the eigenvector to the 
associated third, distinct eigenvalue is captured in a histogram: case (k=4) denoting a distinct eigenvalue smaller 
than the other two and case (k=5) denoting a distinct eigenvalue larger than the other two equal eigenvalues. The 
case (k=6) of three equal eigenvalues does not provide any distinct direction of eigenvector and therefore the pure 
existence of an inclusion is recorded in the histogram. With this classification the histograms are defined as 
ெܲைǡ௞൫݅ఏǡ݅ఝ൯ ؔ
ଵ
௡೔೙೎೗
σ ߦ൫݅ఏǡ݅ఝ൯
௡೔೙೎೗
௠ୀଵ ǡ݇ ൌ ͳǥ͸ߦ ൌ ൜
ͳ ܦ௠ א ܤ௞
Ͳ ǡ                                 (7) 
with ܤ௞ୀଵǡଶǡଷ ׷ൌ  ሼܦ௠ȁߤଵ ൐ ߤଶ ൐ ߤଷሽ , ܤ௞ୀସ ׷ൌ  ሼܦ௠ȁߤଵ ൌ ߤଶ ൐ ߤଷሽ , ܤ௞ୀହ ׷ൌ  ሼܦ௠ȁߤଵ ൐ ߤଶ ൌ ߤଷሽ  and ܤ௞ୀ଺ ׷ൌ
ሼܦ௠ȁߤଵ ൌ ߤଶ ൌ ߤଷሽ. For k=1...5 there are a number of nș·nĳ categories. This classification can be associated to 
properties for ellipsoidal shapes, where equal eigenvalues correspond to a spherical body. Here, the eigenvectors 
do not carry any information about specific axis. The case of two equal eigenvalues relates to a rotationally 
symmetric ellipsoid, where the radii on two axes are equal. It was found that the single eigenvalue in this case 
describes the orientation of the distinct orientation of the ellipsoid rotation axis. For an arbitrary ellipsoid, three 
distinct eigenvalues are found where all eigenvectors describe the orientation of the ellipsoid.  
2.2. Proposed method 
The statistical measures are applied and compared in the following. Two sets of SSRVEs are constructed based 
on a least-square functional defined in Equation (1). The errors of the statistical measures are defined as  
ܮȁȁǣ ൌ ߱ȁȁ 
ଵ
ேȁȁ
σ ሺ ܲȁȁǡ௜
 െ ܲȁȁǡ௜
 ሺࢽሻሻ
ேȁȁ
௜ୀଵ ;ǡ                            (8) 
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and  
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ଵ
ே೐೙೟
σ ൬
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NV|SD|LP is the number of entries in the respective statistical measure, Nent is the total number of entries in the 
histogram for MA and Nent is the total number of entries in the histograms for MO used for normalization purposes. 
ܸȁǡ௜
 Ȁܸ and ܸȁǡ௜ Ȁܸ denote the volume ratio of all inclusions in the specific category with respect to 
the total volume of inclusions in the real microstructure and the SSRVE, respectively. The weighting factors are 
ȦV= 1/ ௏ܲ௥௘௔௟, ȦSD=1, ȦLP=1000, ȦMA= 0.1 and ȦMO= 0.1. The complete least-square functionals for the construction 
of the SSRVEs are given in the following section. 
3. Comparative study 
For a comparison of the different statistical measures, SSRVEs are constructed based on different combinations 
of statistical descriptors, namely  
ܮଵ ؔ ܮ௏ ൅ܮௌ஽ ൅ܮ௅௉  and  ܮଶ ؔܮ௏ ൅ܮௌ஽ ൅ܮெ஺ ൅ܮெைǤ        (10) 
Herein, SSRVEs with an artificial inclusion morphology are constructed, which consist of different numbers of 
ellipsoidal inclusions. In detail, for L1 SSRVEs with one, two and three inclusions are constructed to study the 
influence of inclusion number on the performance of the SSRVEs regarding a comparison of mechanical behavior 
with the target structure. Four virtual experiments, tension test in x- and z-direction and shear tests in xy- and yx-
direction, are carried out for the target structure and the SSRVEs and an overall error measure ݎǁ  is computed based 
on the deviation of the response for each virtual test by 
ݎǁ ؔ ටଵ
ସ
൫ݎǁ௫ଶ ൅ݎǁ௭ଶ ൅ݎǁ௫௬ଶ ൅ݎǁ௬௫ଶ ൯  with  ݎǁ௝ ؔ ට
ଵ
௡
σ ௡௜ୀଵ ቀݎ௝
ሺ௜ሻቁ
ଶ
  for  ݎ௝
ሺ௜ሻ ؔ  ൫ߪത௝ǡ௜௥௘௔௟ െߪത௝ǡ௜ௌௌோ௏ா൯ ߪത௝ǡ௜௥௘௔௟ൗ ,      (11) 
where j denotes the respective virtual experiment and i represents the evaluation point. The results of the SSRVE 
construction based on L1 are presented in Table 1. 
Table 1. Comparison of statistical and mechanical measures for three SSRVEs obtained from L1 w.r.t. the target structure. 
SSRVE L1/ 10-2 LV/ 10-4 LSD/ 10-3 LLP/ 10-2 n ݎǁ௫ ݎǁ௭ ݎǁ௫௬ ݎǁ௬௫ ݎǁ
1 incl. 8.43 485.29 4.5 0.31 2851 5.3 4.6 5.5 5.5 5.24 
2 incl. 0.98 32.07 3.5 0.031 5015 0.5 3.6 4.4 4.4 3.60 
3 incl. 0.53 3.37 3.3 0.017 18835 0.5 1.8 1.5 1.3 1.36 
It can be seen that with an increase of complexity of inclusion morphology, i.e. adding more inclusions to the 
SSRVE, leads to a decrease in the statistical error L1. Obviously, the increase in complexity results in a higher 
number of elements nele. In terms of the mechanical comparison, the overall error is also observed to decrease with 
an increase of inclusion number. For the SSRVE with three inclusions an error of 1.36 % is computed, thus the 
SSRVE can be understood as a suitable representative for the real microstructure in terms of similar statistical 
properties and similar mechanical behavior. From the computation of the lineal path function arises a rather high 
computational effort, which is reduced by considering only parts of the complete lineal path function. The use of a 
statistical measure which requires less computation time is desirable in view of reducing the optimization time 
needed to find an appropriate SSRVE for the representation of the target structure. In order to compare the 
performance of statistical descriptors, we construct a SSRVE using L2 with three ellipsoidal inclusions. The results 
can be seen in Table 2. 
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Table 2. Comparison of statistical and mechanical measures for three SSRVEs obtained from L2 w.r.t. the target structure. 
SSRVE L2/ 10-2 LV/ 10-4 LSD/ 10-3 LMA/ 10-4 LMO/ 10-3 n ݎǁ௫Ψ ݎǁ௭Ψ ݎǁ௫௬Ψ ݎǁ௬௫Ψ ݎǁΨ
3 incl. 0.079 0.19 0.56 1.11 1.93 20427 0.7 2.57 0.46 0.47 1.37 
 
 
 
 
 
 
 
Fig. 2. SSRVEs with three ellipsoidal inclusions constructed from (a) L1 and (b) L2 
For the constructed SSRVE we observe an equally low error as in the SSRVE with three inclusions constructed 
from L1, thus both SSRVEs can be understood as suitable representatives of the target structure. It has to be noted 
that the optimization process for L2 provides a speedup factor of 6.5 for the here presented SSRVEs.  
4. Conclusion 
A method for the construction of 3D SSRVEs is proposed and applied using different sets of statistical measures. 
From the presented results, a lower error in the statistical measures and also in the mechanical error compared to 
the target structure can be seen for an increased complexity of the inclusion morphology. The SSRVE based on the 
volume fraction, spectral density, anisotropy measure and orientation measure obtained from a Minkowski 
functional leads to similar results regarding the mechanical response as the SSRVE based on volume fraction, 
spectral density and lineal-path function while further providing a speedup in the optimization process.  
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